US06CPHY?24 Unit 1 Conductors and Electric Field in Matter

Always Remember:

There are four great realms of mechanics:
Newtonian Mechanics, Special Relativity, Quantum Mechanics, Quantum Field Theory
For everyday life, Newtonian mechanics was found to be inadequate.

But for objects moving with high speeds, near the speed of light, it is incorrect and must be
replaced with Special Relativity introduced by Einstein in 1905. For objects that are extremely
small near the size of atoms, it fails and explained by Quantum Mechanics. For objects that are
both very fast and very small as it is common in modern particle physics, a mechanics that
combines relativity and quantum principles in order is called relativistic quantum mechanics or

quantum field theory.

The laws of classical electrodynamics were discovered by Franklin, Coulomb, Ampere, Faraday
and others. But the person who developed and added all work in compact and consistent form

is James Clerk Maxwell.

In the beginning, electricity and magnetism were two separate subjects. One dealt with glass
rods and cat’s fur, pith balls, batteries, current, electrolysis and lightning; the other with bar

magnets, iron filling, compass needles, north pole etc.

In 1820, Oersted noticed that an electric current could deflect magnetic compass needle. Then
Ampere postulated that all magnetic phenomenon are due to electric charges in motion. In 1831,
Faraday discovered:that a moving magnet generates an electric current. At the same time
Maxwell and Lorentz developed correlations between them and two subjects: electricity and
magnetism became single subject electromagnetism. Faraday assumed that the light is electrical
in nature. Maxwell’'s theory proved it and in optics the study of lenses, mirrors, prisms,
interference, and diffraction was incorporated in to electromagnetism. Hertz presented the

experimental confirmation of Maxwell’s theory in 1888.

The fundamental theorem for gradients:

b
f (VT) - dl = T(b) — T(a)

The fundamental theorem for divergences:
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f(V-v)drzjgv-da

It is called the divergence theorem or Gauss’s theorem or Green’s theorem. It says that the

integral of derivative over a region (i.e. divergence) is equal to the value of the function (i.e.

volume) at the boundary (i.e. surface that covers or bounds the volume)
Boundary of a line is just two end points and boundary of a volume is a closed surface.

The fundamental theorem for curls:

f(va)da=§v-dl

It is called Stokes’ theorem. The integral of a derivative (i.e. curl) over a region (i.e. patch of

surface) is equal to the value of the function at the boundary (i.e. the perimeter of the patch).

1. The force on a test charge Q due to a single point charge g which is at rest at a distance r
is given by Coulomb’s law. The force is proportional to the product of the charges and

inversely proportional to the square of the separation distance.

1 qQ
r

F= =
41ey 12

1

The constant ¢, is called the permittivity of free space. In SI units, where force is in Newton

(N), distance in meters (m), charge in coulombs (C),

2

C
=8.85 x 10712
€o N

The electric field due to point charge or single charge is given by

__1a.
Such that
F=QE (3)

2. If we have several point charges q4, q5, ..., g, at distances 1y, 15, ..., 1, from Q, the total

force on Q is given by

1 (q.0Q _ 920 Q [(q1 . qz .
F=F,+ F,+:-= —_r, + = + . ] = — +—= 7, + - 4
1 1 4me < rlz 1 7‘22 T2 4me rlz " 7*22 2 (4)
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F =QE

Where:

n
Z 45
47‘[6 2
i=1
E is called the electric field of the source charges. Here we assumed that the source of the

field is a collection of discrete point charges g; or the charge distribution is discrete.

3. Ifthe charge distribution is distributed continuously over some region, the summation is

replaced with an integral and written as

1 (1
E(T)=F60fr—2 qu (6)

4. If the charge is spread out along a line, with “charge per unit length” is A then dg = A dl’,
where dl' is an element of length along the line then the electric field of a line charge is

given by

E(r) =

1 f)‘(r) Fdl(7)

b7
5. Ifthe charge is spread out over a surface, with “charge per unitarea” is o then dq = o dd’,
where da' is an element of area on the surface then the electric field for a surface charge

is given by

f D

r2

E(r) =

4me

6. If the charge feels a volume, with “charge per unit volume” is p then dg = p dt’, where

dt"is an element of volume then the electric field of a volume charge is given by

E(r) =

1 fp(r) P (9)

dmey ) 12

7. Flux of E through a surface S is given by

<1>E=fE-da (10)
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It is a measure of the number of field lines passing through it. Flux is proportional to the number

of field lines or to the density of field lines.

8. For any close surface

ng'da:lQenc (11)
€o

This is quantitative statement of Gauss’s law. As it stands, Gauss’s law in an integral equation,

it can be turn into a differential one by applying the divergence theorem.
f}gE-da:f(V-E)dT (12)
Qenc in terms of charge density
%m=fpﬁ

So

f(v-E)dr=f€’iodr

1
V-E= L —p
€ €p
This is differential form of Gauss’s law.
4. we know that
1 q _
" Amey1?

the line integral of this field from some point a to some another point b is given by

b

fE-dl

a

In spherical coordinates

dl = dr 7 +rd6 8 + rsinddp @

1 ¢
E-dl= —
4A1r€ey 12
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Therefore

b
1 1 b 1 1
4dtey ) 12 dmey \r/y, Ateg \1, T, Atey \1r, T
a

Here 7, is the distance from the origin to the point a and 1, is the distance to b.

The integral around a closed path is zeroasr, =1,

ng-dlzo

By applying Stoke’s theorem
VXE=0 (13)

Because V X E = 0, the line integral of E around any closed loop is zero, and line integral is

independent of path, we can define a function

T

V(r)z—fE-dl

0

Here O is some standard reference point V then depends only on the point r. It is called the

electric potential. The electric field can be written as the gradient of a scalar potential.
E=-VV/

V-E=£,V><E:0
€o

V-E=V-(-V)=-V?V
i.e. divergence of E is the Laplacian of V. Gauss’s law says that

V2V = _P
€o

This equation is known as Poisson’s equation. In regions where there is no charge, so that

p = 0, Poisson’s equation reduces to Laplace’s equation.
V2V =0

Setting the reference point at infinity, the potential of a point charge g at the origin
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L q\" 1 q
V(r) = - = =
)= f 2 47‘[60 (r')oo Amey T

5. Now the potential due to a point charge is

1 q
dmeyr

V(r)=

Similarly, the potential of a collection of charges

n
L V&

deg LaT;
i=1

Vir) =

Similarly, for continuous distribution

V(r) =

1 J‘ld
4mey ) T 1

Similarly, for line charge

1A
V) =0 f Clar o

€o r

Similarly, for surface charge

V) = — f AU

Similarly, for volume charge

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College



US06CPHY?24 Unit 1 Conductors and Electric Field in Matter
1. Conductors:

1.1 Basic Properties:

We know that in insulators like glass or rubber, each electron is attached to a particular atom.
Where as in metallic conductor, one or more electrons per atom are free to roam about at will
through the material. In liquid conductors like salt water it is the ions that move. A perfect
conductor would be a material which contain an unlimited supply of completely free charges. In
real life there are no perfect conductors but there are many substances they-come close to
perfect conductor. The basic electrostatic properties of ideal conductors are:
(i) E = 0 inside a conductor:
If there were any field, those free charges would move, and it wouldn’t be electrostatics any
more.

When we put a conductor into an external electric field Ey as shown.in Figure: 1

|
++++++

b=

+++++++

E,
Figure: 1

[nitially this will drive any free positive charges to the right, and negative charges to the left.
(In practice it's only negative charges i.e. electrons that do the moving, but when electrons
move or depart the right side is left with a net positive charge - the stationary nuclei - so it
doesn’t really matter which charges move; the effect is the same.)

When they come to the edge of the material, the charges pile up: plus charges on the right
side, minus charges on the left side. Now these induced charges produce a field of their
own, E1, which, as you can see from the Figure: 1, is in the opposite direction to Eo. It means
that the field of the induced charges tends to cancel off the original field. Charge will
continue to flow until this cancellation is complete, and the resultant field inside the
conductor is precisely zero. (outside the conductor the field is not zero, for here Eo and E1 do

not cancel). In fact the whole process is practically instantaneous.
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(i)  p = Oinside the conductor.

We have Gauss’s law as

V-E=£, if E=0, p=0
€o

There is still charge around, but exactly as much plus charge as minus, so the net charge density

in the interior is zero.

(iii)  Any net charge resides on the surface.

(iv) A conductor is an equipotential.

Consider any two points a and b within or at the surface of a given conductor

b
V(a)—V(b):—fE-dzzo

a
and thus V(a) = V(b).

(v) E is perpendicular to the surface, just outside the conductor: Otherwise as in (i) charge
will immediately flow around the surface until it kills off the tangential component as
shown in Figure: 2 perpendicular to the surface, the charge cannot flow, of course, since

itis confined to the conducting object.

Conductor
E=0

Figure: 2

It is strange that the charge on a conductor flows to the surface. Because of their mutual
repulsion, the charges naturally spread out as much as possible, but for all of them to go to the

surface seems like a waste of the interior space.

The problem can also be phrased in terms of energy. Like any other free dynamical system, the
charge on a conductor will seek the configuration that minimizes its potential energy.
What property asserts is that the electrostatic energy of a solid object (with specified shape and

total charge) is a minimum when that charge is spread over the surface. For instant, the energy
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2
of a sphere is (8 ! q?) if the charge is uniformly distributed over the surface, but is greater,

A

2
( > q—), if the charge is uniformly distributed throughout the volume.
20meg R

1.2 Induced charges:

If you hold a charge +¢g near the uncharged conductor as shown in Figure: 3, the two will attract
one another. The reason for this is that g will pull minus charges over to the near side and repel
plus charges to the far side. (Another way to think of it is that the charge moves around in such
a way as to cancel off the field of q for points inside the conductor, where the total field must be

zero).

Since the negative induced charge is closer to g, there is a net force of attraction: By the way
when we say the field, charge or potential “inside” a conductor, we mean in the “meat” of the
conductor; if there is some cavity in the conductor,and within that cavity there is some charge,

then the field in the cavity will not be zero.

]

Figure: 3 Figure: 4

But in a remarkable way the cavity and its contents are electrically isolated from the outside

world by the surrounding conductors as shown in Figure: 4.

No external fields penetrate the conductor; they are canceled at the outer surface by the induced
charge there. Similarly, the field due to the charges within the cavity is killed off, for all exterior
points, by the induced charge on the inner surface. However, the compensating charge left over
on the outer surface of the conductor effectively “communicates” the presence of g to the outside
world. Incidentally, the total charge induced on the cavity wall is equal and opposite to the charge
inside, for if we surround the cavity with a Gaussian surface, all points of which are in conductor

as in Figure: 4.
ng da=0

And hence (by Gauss’s law) the net enclosed charge must be zero. But
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Qenc = 4 + Qinducea = 0, S0 Ginduced = —4-

If a cavity surrounded by conducting material is itself empty of charge, then the field within the
cavity is zero. For any field line would have to begin and end on the cavity wall, going from a plus

charge to minus charge see Figure: 5.

Figure: 5

Letting that field line be part of a closed loop, the rest of which is entirely inside the conductor
(where E = 0), the integral ¢ E - dl is distinctly positive, [inviolation of ¢ E : dl = 0, the integral

around a closed path is evidently zero]

It follows that E = 0 within an empty cavity, and there is in fact no charge on the surface of the
cavity. This is why you are relatively safe inside a metal car during thunderstorm----you may get
cooked, if lightning strikes, but you will not be electrocuted. The same principle applies to the
placement of sensitive apparatus inside a grounded FARADAY CAGE, to shield out stray electric
fields. In practice, the enclosure doesn’t even have to be solid conductor---chicken wire will often

suffice. Working of Faraday’s cage shown in Figure: 6, 7, 8.

Figure: 6 Figure: 7

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 10



US06CPHY?24 Unit 1 Conductors and Electric Field in Matter

Faraday Cage
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Figure: 8

Example: 1 An uncharged spherical conductor centered at the origin has a cavity of some weird
shape carved out of it as shown in Figure: 9. Somewhere within the cavity is‘a charge q. What is

the field outside the sphere?

Cavity

Conductor

Figure: 9

Solution: We may think that the answer depends on the shape of the cavity and on the placement

q A

41€ T2

of the charge. But it is not so, theanswer is as usual E =

In the cavity of the conductor, charge +q induces an opposite charge —q on the wall of the cavity,
which distributes itself in such a way that its field cancels that of g, for all points exterior to the
cavity. Since the conductor carries no net charge, this leaves +q to distribute itself uniformly
over the surface of the sphere. It's uniform because the asymmetrical influence of the point
charge +q is negated by that of the induced charge —q on the inner surface. For points outside
the sphere, then, the only thing that survives is the field of the leftover +¢, uniformly distributed

over the outer surface.

There are actually three fields at work here, E g, E inquceq and Ejefrover- We know that the sum of
the three is zero inside the conductor, it is possible that the first two alone cancel, while the third
is separately zero there. There exists a way of distributing —q over the inner surface so as to
cancel the field of g at all exterior points. For that same cavity could have been carved out of a

huge spherical conductor with a radius of 27 miles or light years or whatever. In that case the
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leftover +q on the outer surface is simply too far away to produce a significant field, and the

other two fields would have to accomplish the cancellation by themselves. There is always

distributing the charge on a conductor so as to make the field inside zero.
1.3 Surface charge and the force on a conductor:

We know, the field inside a conductor is zero. The field immediately outside is E = Eiﬁ Here o
0

. ' . : v
is surface charge, the field E is normal to the surface. In terms of potential one can say o0 = —¢, ™

These equations help us to calculate the surface charge on a conductor.

In the presence of an electric field, a surface charge will, naturally, experience a force; the force
perunitarea, f is oE. But for the electric field is discontinuous at a surface charge, so which value
are we supposed to use, E pope OF Epeion, Or something in between? The answer is that we

should use the average of the two.

1
f= JEaverage N EO-(Eabove + Epeiow)

To understand the reason, let’s focus our attention on a small patch of surface surrounding the

point in question as shown in the Figure: 10.

Figure: 10

Make it tiny enough so it is essentially flat and the surface charge on it is essentially constant.
The total field consists of two parts ---that attributable to the patch itself, and that due to
everything else (other regions of the surface, as well as any external sources that may be

present.)
E=E,, +Ey

Now the patch cannot exert a force on itself, any more than you can lift yourself by standing in a

basket and pulling up on the handles. The force on the patch, then, is due exclusively to E ,t4er

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 12



US06CPHY?24 Unit 1 Conductors and Electric Field in Matter

and this suffers no discontinuity (if we remove the patch, the field in the “hole” would be

perfectly smooth). The discontinuity is due entirely to the charge on the patch, which puts out a

field % on either side, pointing away from the surface, thus,
0

o
E =E +—" E =FE ——1
abov other 260 ) below other 260

and thus

1
Eother = E (Eapove + Epetow) = Eaverage

Averaging is really just a device for removing the contribution of the patch itself. Thatargument

applies to any surface charge; in the particular case of a conductor, the field is zero inside and

(2PN . PN . . 1 ~ .
-1 outside, so the average is 7 . The force per unit area is f = ;azn. This amounts to an
0 0 0

outward electrostatic pressure on the surface, tending to draw the conductor into the field,

regardless of the sign of 0. Expressing the pressure in terms of the field just outside the surface,

P=2E2
2
2. Laplace’s Equation:

The primary task of electrostatics is to find the electric field of a given stationary charge

distribution. In principle, this purpose is accomplished by Coulomb’s law, written as

E(r) =

! f P s (1)

dmey )] 12
Integrals of this type is bit difficult to calculate for any simplest charge configurations. We can
do this by exploiting symmetry and using Gauss’s law. But the best strategy is first to calculate

potential ¥, which is in general given as

Still, even this integral is often too tough to handle analytically. Moreover, in problems involving
conductors p itself may not be known in advance: since charge is free to move around, the only
thing we control directly is the total charge (or perhaps the potential) of each conductor. In such

cases it is fruitful to recast the problem in differential form, using Poisson’s equation i.e.
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2 1 3
60

which, together with appropriate boundary with conditions is equivalent to equation (2). Very
often, in fact, we are interested in finding the potential in a region where p=0. If p=10
everywhere, of course, then VV = 0, and there is nothing further to say---that’s not what we mean.
There may be plenty of charge elsewhere, but we are confining our attention to places where

there is no charge. In such cases Poisson’s equation reduces to Laplace’s equation:
ViV =0 (4)
Or in Cartesian coordinates,

62V+62V+62V_0 c
0x2  dy?  0z%2 ©)

This formula is so fundamental to the subject that one might almost say electrostatics is the study
of Laplace’s equation. At the same time, it is a ubiquitous equation, appearing in such diverse
branches of Physics as gravitation and’/ magnetism, the theory of heat, and the study of soap
bubbles. In mathematics it plays a major role in.analytic function theory. To get a feel for
Laplace’s equation and its solutions (which are called harmonic functions), we shall begin with
the one-two-dimension versions, which are easier to picture and illustrate all the essential
properties of the three-dimensional case.(though the one-dimensional example lacks the

richness of the other two).
2.1 Laplace’s Equation in One Dimension:

Suppose V depends on only one variable, x, Then Laplace’s equation becomes

dzv _ 0
dx?
The general solution is
Vix)=mx+b

The equation for a straight line. It consists of two undetermined constants m and b, as is
appropriate for a second-order (ordinary) differential equation. They are fixed, in any particular

case by the boundary conditions of that problem. For instance, it might be specified thatV = 4
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atx=1landV =0atx =5.In that casem =—-1and b =5, soV = —x + 5 as shown in the

Figure: 11.

Vv

Lol - R

Figure: 11

Here we will notice two features of this result, they may seem silly and.obviousin one dimension,
where one can write down the general solution explicitly, but the analogs in two and three

dimensions are powerful and by no means obvious:

1. V(x) isthe average of V(x + a) and V(x — a), for any a:
1
V(x) = 3 [V(x+a)+V(x—a)

Laplace’s equation is a kind of averaging instruction; it tells us to assign to the point x the
average of the values to the left and to the right of the x. Solutions to Laplace’s equation are
fit the end points properly:

2. Laplace’s equation tolerates no local maxima or minima: extreme values of V must occur at
the end points. Actually, this is the consequences of (1), for if there were a local maximum, V
at the point would be greater than on either side, and therefore could not be average.
(Ordinarily, you'expect the second derivative to be a negative at a maximum and positive at
a minimum. Since Laplace’s equation requires, on the contrary, that the second derivative is
zero, it seems reasonably that the solutions should exhibit no extrema. However, this is not
a proof, since there exist functions that have maxima and minima at points where the second

derivative vanishes: x*, for example has such a minimum at the point at x = 0.)

2.2 Laplace’s Equation in Two Dimensions:

If V depends on two variables, Laplace’s equation becomes

0%V N 0%V 0
ax2  dy?

This is no longer an ordinary differential equation (that is, one involving ordinary derivatives

only): it is a partial differential equation. As a consequence, some of the simple rules you may
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be familiar with do not apply. For instance, the general solution of this equation doesn’t contain

just two arbitrary constant - or, for that matter, any finite number - despite the fact that it’s a
second -order equation. Indeed, one cannot write down a general solution (at least, not in a
closed form like in the case of first order i.e. V(x) = mx + b) . Nevertheless, it is possible to

deduce certain properties common to all solutions.

It may help to have a physical example in mind. Picture a thin rubber sheet (or a soap film)
stretched over some support. For definiteness, suppose you take a cardboard box, cut a wavy

line all the way around, and remove the top part as shown in the Figure: 12.

Figure: 12

Now glue a tightly stretched rubber membrane over the box, so that it fits like a drum head (it
won'’t be a flat drum head, of course, unless you choose to cut the edges off straight). Now, if you
lay out coordinates (x, y) onthe bottom of the box, the height IV (x, y) of the sheet above the point
(x,y) will satisfy Laplace’s equation. (The one- dimensional analog would be a rubber band

stretched between two points. Of course, it would be straight line.)
Harmonic functions in two dimensions have the same properties we noted in one dimension:

1. ‘Thevalue of IV ata point (x, y) is the average of those around the point. More precisely, if you
draw a circle of any radius R about that point (x, y), the average value of V on the circle is

equal to the value at the center:

1
V(.X', y) = ﬁ Vdl

(This, incidentally, suggests the method of relaxation on which computer solutions to
Laplace’s equation are based: Starting with specified values for V at the boundary, and
reasonable guesses for V on a grid of interior points, the first pass reassigns to each point the
average of its nearest neighbors. The second pass repeats the process, using the corrected

values, and so on. After a few iterations, the numbers begin to settle down, so that subsequent
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passes produce negligible changes, and a numerical solution to Laplace’s equation, with the

given boundary values, has been achieved)

2. V has no local maxima or minima; all extrema occur at the boundaries, (As before, this
follows from (1).) Again, Laplace’s equation picks the most featureless function possible,
consistent with the boundary conditions: no hills, no valleys, just the smoothest surface
available. For instance, if you put a ping-pong ball on the stretched rubber sheet as shown in
Figure: 12, it will roll over to one side and fall off-it will not find a “pocket” somewhere to
settle into, for Laplace’s equation allows no such dents in the surface. From a geometrical
point of view, just as a straight line is the shortest distance between two points;soaharmonic

function in two dimensions minimizes the surface area spanning the given boundary line.

2.3 Laplace’s equation in Three Dimensions:

Laplace’s equation in three dimensions is written as:

02V+62V+62V_
ox2  0dy?  0z2

Harmonic functions in three dimensions have the same properties we noted as in one dimension

and two dimensions:

1. The value of V at point r is the average value of VV over a spherical surface of radius R

centered atr:

1
V() = -y jEVda

2. As a consequence,V can have no local maxima or minima; the extreme values of V must
occur-at the boundaries.(For if V had a local maximum at r, then by the very nature of
maximum I could draw a sphere around r over which all values of V - and a fortiori the
average- would be less than at r.)

Proof: Let's begin by calculating the average potential over a spherical surface of radius R
due to a single point charge q located outside the sphere. We may as well center the sphere
at the origin and choose coordinates so that g lies on the z — axis as shown in Figure: 13.
The potential at a point on the surface is

1 q
4meg T

V(r) =

Where:

r?2 =224+ R?*—2zR cosf

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 17



US06CPHY?24 Unit 1 Conductors and Electric Field in Matter

Figure: 13

So
r = [z + R? — 2zR cos ]*/?

1
Vive = AnR? fV(r) da

Here da = R?sin 0 d6 d@

R?sin @ dO do

Vevo = — f a
e " AmR? ) Ameyr
1 q

Vave = 2
4R~ 4me,
1 q

Vave = 2
4mR% 4me,

fr_l R?sin6 dB@ do

f[zz + R% — 2zR cos 8]~/ R?sin @ d6 dp

2T

Vs
1
i f[z2 + R? —22R cos0]~Y2 R?sin def do
0 0

Vive = ~—=
e AmR? 4Tre,

T
- 1 2 2 2 _ -1/2 g
Vave 4mR? dmeg 2nR f[z + R* — 2zR cos 0] sin@ do
0

Let
t =22+ R?—2zR cos @
dt = 2zR sin 0 d6
ast=z%+ R?—2zR cos
for@ = 0,cos = 1,t = z2 + R? — 2zR = (z — R)?
for = m,cos@ = —1,t = z> + R> + 2zR = (z + R)?

1
~sinfdf =—dt
sin 7R

Vave = 14 2mR? £2de
e " AmR2 4me, T 2R f
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1 (Z+R)2

3

1 q 1 ( >(Z—R)2
Vive = R? — %
we = 4rR24me, ©° 2zR 1/2

1 q 1
Vave = W‘l-ﬂfo 27TR ﬁ 2 [(Z + R) - (Z - R)]

1 q , 1
=4TL’R24T[60 2nR 7R 2[z+R—-z+R]
q 1
~ 4nR? 4T€) 2mR? 2zR 2:2R
1 q
we = e,z

But this is precisely the potential due to q at the center of the sphere! By the superposition
principle, the same goes for any collection of charges outside the sphere: their average potential

over the sphere is equal to the net potential they produce at the center.
2.4 Separation of Variables:

Now we use the method of separation of variables to solve Laplace’s equation directly, which is
the physicist’s favorite tool for solving partial differential equations. The method is applicable in
circumstances where the potential (/) or the charge density (o) is specified on the boundaries
of some region, and we are asked to find the potential in the interior. The basic strategy is very
simple: We look for solutions thatare products of functions, each of which depends on only one
of the coordinates. The algebraic details, however, can be formidable, so we are going to develop
the method througha sequence of examples. We will start with Cartesian coordinates and then

do spherical coordinates.
2.4.1 Cartesian Coordinates:

Example: 2 Two infinite grounded metal plates lie parallel to the xz plane, one aty = 0, the
other at y = a asshown in the Figure: 14. The left end, at x = 0, is closed off with an infinite strip
insulated from the two plates and maintained at a specific potential V,(y). Find the potential

inside the slot.

Solution: The configuration is independent of z, so this is really a two-dimensional problem. In

mathematical term, we must solve Laplace’s equation.

OZV %V

ax T ay2 =0 (1)
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Figure: 14
Subject to the boundary conditions:
(i) V=0wheny =0, (2a)
(i) V=0wheny=aq, (2b)
(iii) V=Vo(y)whenx =0, (2c)
(iv) V-—0asx—w (2d)

(The latter, although nor explicitly stated in the problem, is necessary on physical ground: as you
get farther and farther away from the hot strip at x = 0, the potential should drop to zero.) Since

the potential is specified on all boundaries, the answer is uniquely determined.

We use method of separation of variables to solve Laplace’s equation. we assume that the

potential V (x, y) is written as
Vx,y) =X ()Y (3)

Here X (x) is a purely x dependent part and Y (y) is a purely y dependent part of the potential
V(x,y):

Now substitute value of equation (3) in equation (1), we obtain

0°XY XY _
d0x? dy?
%X %Y

Y—+X—=0
0x2+ dy?

Divide above equation with XY, we obtain

10%X 10%

Xo2 Tv2 -0 @
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Here the first term depends only on x and the second only on y. Let

10%X 10%Y

iﬁ = Cl: ?a—yz = CZ, with Cl + C2 =0 (5)

One of these constants is positive and the other negative (or perhaps both are zero). But here we

take C;positive and C, negative. Let

162X_k2 .162Y_ 5
Xoxz Tyoy?
a’X
0%y )
a_yz =—k?Y (7)

Solutions of equations (6) and (7)
X(x) =Ae** + Be™**  (8)
Y(y) = Csinky+Dcosky (9)
Here 4, B, C, D are undetermined constants.
Therefore, by substituting values of equations (8), (9) in equation (3), it becomes
V(x,y) = (Ae** + Be ™ **)(Csinky + D cosky) (10)

By applying boundary condition (iv): equation (2d): V—0 as x—»o0, equation (10) LHS is zero.

Therefore, RHS must be zero. Itis possible only if 4 is zero.
A=0 (11
Therefore, equation (10) becomes
V(x,y) = Be™* (Csinky + D cosky)
By absorbing B into C and D
V(x,y) = e ®(Csinky + D cosky) (12)

Now applying boundary condition (i): equation (2a): V = 0 when y = 0, in equation (12), LHS is

zero, therefore, RHS must be zero

Dr. P. S. Vyas, Physics Department, VP & RPTP Science College 21



US06CPHY?24 Unit 1 Conductors and Electric Field in Matter

0 =e ®(Csin0 + D cos0)
0=Csin0+ Dcos0
D=0 (13)
Therefore, equation (12) becomes
V(x,y) = Ce ®sinky (14)
By applying boundary condition (ii): equation (2b): V = 0 when y = a, in equation (14), we have
0=Ce **sinka
sinka =0

It is possible only: ka = nm or
nm
kz;,(n=1,2,3,...) (15)

Therefore, equation (14) becomes

_nnx 7-[y
Vix,y) = Z Che a sm ) (16)
a
Now boundary condition (iii): equation (2¢): V = V,(y) when x = 0, equation (16) becomes

V(0,y)=V,(y) = z C,e° sm nZy)

i Cusin (=2) = Vo) (17)
n=1

This sum is a Fourier sine series. And Dirichlet’s theorem guarantees that virtually any function

Vo () (it can even have a finite number of discontinuities) can be expanded in such a series. To
!

obtain value of C,, multiply equation (17) by sin (%), where n' is a positive integer and

integrate from 0 to a we obtain:

a

[o%0) a
n n' n'
ZCnfsm ny sm< Zy) dy = fVo(y) sin( ;Ty> dy (18)
0

n=1 0
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In LHS of equation (18):

forn' # n:

we know that 2 sina sin f = cos(a — ) — cos(a + )

a a

. oy | (n'my 1 . Ty , Ty

- fsm (T) 51n< p )dy—zf[cos(n —n);—cos(n +n)7] dy
0 0

a

1 [sin(n’ —n)% sin(n’ +n)%y

2 N ' T
(n n)a (n +n)a

. na . : ma = .,
1 |sin(n’ — n) — —sin 0 sin(n'4+ n) — —sin 0

2 n’' —n)g (n' +n)g

1|sin(n' —n)mr —sin0 sin(n’ + n)mw =sin0

2 (n’' —n)% (n’ +n)%

wsinnm=0mn=0,%+1,42,...)

a

Ammyy. . (n'my A ,
fsm(T)sm( 7 >dy—0 forn"#n (19)
0

forn' =n, we have

= y— a
2
=) |,
. (2nmy .
1 sin —sin0
-2 a=0 ( a2n7)r 621
(%)
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a

fsm(m;y)sin(n y>dy—— forn'=n (20)

0

Therefore,

a

nny  In'my 0, forn' #n
fsm sm 7 dy =4a (21)

> forn' =n
0

Therefore, equation (18) now becomes:

o) a a
ZCnfsm nﬂy sm <n(ilry) dy = fVo(y) sm( y> dy (18)
0

n=1 0

a
a iy
e = [ Voo sin(Z) dy
0

a

6= [ s (D) ay @2

0

Suppose the strip at x = 0 is a metal plate with constant potential V), then equation (22)
becomes:

nmy a
Cn:%fsm(?) :%_Cosg_n )
0 a 0
= —%[cos (?) — cos 0]
C, = %[1 —cosnm] (23)

We know that:

coS T = {—1, forn =1,3,5...(odd numbers)
T, forn =2,4,6 ...(even numbers)

Therefore, equation (23) becomes

0, if nis even
2V,
C, = — [1 —cosnm] = 4V0

24
, if nisodd (24)
nm
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Therefore, equation (16) now becomes:

V(ix,y) = ZC e T sm —y) (16)

V/Vo
ViVo g

Figure: 15 Figure: 16

Figure: 15 is a plot of this potential; Figure: 16 shows how the first few terms in the Fourier
series combine to make a better and better approximation to the constant V: (a) isn = 1 only,
(b) includes n upto 5, (c) is the sum of the first 10 terms, and (d) is the sum of the first 100 terms.

Incidentally, the infinite series in equation (25) can be summed explicitly; the result is

(50 ()
sinh (Zx)

In above solution, Laplace’s equation is obeyed and the four boundary conditions of equation (2)

2V,
Vix,y)= ?Otan (26)

aressatisfied.

Example: 3 Two infinitely grounded metal plates,aty = 0 and y = a. are connectedatx = #b
by metal strips maintained at a constant potential I/, as shown in the Figure: 17. (a thin layer of
insulation at each corner prevents them from shorting out). Find the potential inside the

resulting rectangular pipe.

Solution: Once again the configuration is independent of z. Our problem is to solve Laplace’s

equation.

aZV a2V PV _o
ax2 ay @
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Figure: 17
Subject to the boundary conditions:
(1) V=0wheny =0, (2a)
(i) V=0wheny=aq, (2b)
(iii) V =Vy,whenx = b, (2¢)

(iv) V=Vywhenx=—b (2d)

We use method of separation of variables to solve Laplace’s equation. we assume that the

potential V (x, y) is written as

Vi, y) =X Yly) (3

Here X (x) is a purely x dependent part and Y (y) is a purely y dependent part of the potential
V(x,y).

Now substitute value of equation (3) in equation (1), we obtain

0°XY XY _
d0x? dy?

rOX kg
d0x? ay?

Divide above equation with XY, we obtain

10%X 10%

Xow2 Tvar 0 @

Here the first term depends only on x and the second only on y. Let
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10%X 10%y ,
Yﬁ = Cl: ?a—yz = CZ, with Cl + CZ =0 (5)

One of these constants is positive and the other negative (or perhaps both are zero). But here we

take C; positive and C, negative. Let

10%X o, ) 10%Y _ )
Xoxz Tyoy?
0%X )
0%Y 5
a_yz =—kY (7)

Solutions of equations (6) and (7)
X(x) = Ae** + Be™* €3))
Y(y) =Csinky + Dcosky (9)
Here A4, B, C, D are undetermined constants.
Therefore, by substituting values of equations (8), (9) in equation (3), it becomes
V(x,y) = (4e™ + Be **)(Csinky + D cosky) (10)

This time, we cannot set A = 0; as the region is between +b, does not extend to x = oo. So ek* is

perfectly acceptable: Here the situation is symmetric (about origin) with respect to x. So
V(i=x,y) =V(xy) (11)
Which is possible only if
A=B (12)
We know that:
ek + e7* = 2coshkx (13)

By substituting values of equation (12) and (13) in equation (10), we have

V(x,y) = (Ae** + Be ™ *)(Csinky + D cosky) (10)

V(x,y) = A(e®™ + e *)(C sinky + D cos ky)
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V(x,y) = 2Acoshkx (Csinky + D cosky) (14)

By absorbing 24 into € and D:
V(x,y) = coshkx (Csinky + D cosky) (15)

Now applying boundary condition (i): equation (2a): V = 0 when y = 0, in equation (15), LHS is

zero, therefore, RHS must be zero
0 = coshkx (Csin0 + D cos 0)
0=Csin0+ Dcos0
D=0 (16)
Therefore, equation (15) becomes
V(x,y) = C coshkxsinky . (17)
By applying boundary condition (ii): equation (2b): V = 0 when y = a, in equation (17), we have
0 = € cosh kx sin ka
sinka =0
It is possible only: ka = nm or
k= %T,(n ~1,2,3,..) (18)
Boundary conditions (i) and (ii) require as before that D = 0 and k = nx/a, so
nmx n
V(x,y) = C cosh (T) sin (Tﬂy) (19)

Because V (x,y) is even in x, it will automatically meet condition (iv) if it fits (iii). It remains,

therefore, to construct the general linear combination,
(00}
nax\ . My
Vix,y) = Z C, cosh (—) sin (—) (20)
a a
n=1
Here, coefficients C,, in such a way as to satisfy condition (iii):

- nzb\ . mny
V(b,y) = z C, cosh (T) sin (T) =V, (21
n=1
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coefficients C,, are:

To obtain value of C,,, multiply equation (21) by sin (%), where n' is a positive integer and

integrate from 0 to a we obtain:

a

a
n b nn n'n n'n
ZC cosh 7 fsm y i ( ay>dy:fVoSin( ay>dy (22)
0

0

In LHS of equation (22):

for n’ # n: we know that 2 sina sin 8 = cos(a — ) — cos(a + )

a a

nrt n'n 1 18 T
f sin y sm( y) dy = —f cos(n' —n) ?y — cos(n' + n) %] dy
0 0

2
1 [sin(n’ —n)% sin(n’ +n)%
) o wim©
(n n)a (n +n)a

. na . na .
1 [sin(n’ —n) — —sin0 sin(n’ + n) — —sin0

2 (n' —n)% (n' +n)%

1|sin(h’' =n)m —sin®0 sin(n’ + n)mr —sin0

2 ' —n)g (n’ +n)% -

wsinnt=0(n=0,%£1,+%2,...)

a

_mmy\ . (n'my B .
_[SIH(T)SIH( " >dy—0 forn" #n (23)
0

for n' = n, we have
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a
sin (Zn(;ry )

&,

0 sin (Zn;ry) —sin0 a

1
_Zy

2 - (Zn_N) )

a

a

o ommyy | (n'my _a ,
fsm( . )sm( " >dy—2 forn' =n (24)
0

Therefore,

Q

o

C, cosh (mzb> = %fsin (@) - % _ cos gﬁ) '
0 a a 0

nﬂ'b ZVO
C,, cosh (T) = [1—cosnm] (27)

We know that:

-1, forn=1,3,5..(odd numbers)
1, forn =2,4,6 ...(even numbers)
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Therefore, equation (23) becomes

b 2V, 0, if niseven
C,, cosh (—) = —[1 — cosnm] = {4V, e (28)
a nr oy if nisodd

b 0, if nis even
)= 29

C, cosh (— av,
n COSH\—, -2 if nisodd

nm

Figure: 18
The potential in this case is given by
nux
4V, 1 cosh|—— n
V(x,y) =2 = ( a ) sin( ﬂy) (30)
nm n nzb a
n=135,. COsh (T)

Example: 4 An infinitely long rectangular metal strip (side a and b) is grounded, but one end, at
x = 0, is maintained at a specified potential V (y, z), as indicated is Figure: 19. Find the potential

inside the pipe.

Solution: This is a three-dimensional problem,

Figure: 19

0% 0 o _
0x2  dy?  0z2 Q)

Subject to the boundary conditions
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)] V =0wheny =0, (2a)
(i) V=0wheny=a, (2b)
(iii) V =0whenz =0, (2¢)
(iv) V =0whenz=0b, (2d)
(v) V->0asx — o, (2e)

(vi) V=Vy(y,z) whenx =0 (2f)

We use method of separation of variables to solve Laplace’s equation. we assume that the

potential V (x, y, z) is written as:

V(x,y,z) = X()Y(y)Z(2) * (3)

Here X (x) is a purely x dependent part Y (y) is a purely y dependent part and Z(z) is a purely z
dependent part of the potential V (x, y, z).

Now substitute value of equation (3) in 'equation (1), we obtain

0°XYZ 0°XYZ 9*XYZ
+ + =0

d0x? dy? 022
YZaZX +XZ62Y + XYaZZ =0
d0x? dy? 9z2

Divide above equation with XYZ, we obtain

102X+ 102Y+162Z
X0x? Yoy? Zadz?

=0 (4

Here the first term depends only on x, second only on y and third term only on z. Let

10%X 10%Y 10%Z _
}m=C1, 76_3/2:C2' Eﬁ=C3 withC,+C, +C3=0 (5)

One of these constants C; must be positive and C, and C; negative.
Suppose

C2:—k2, C3:—lz, C1:k2+lz(ASC1+C2+C3:0) (6)
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2 2 2
la_X =k%+1?, la_Y = —k? la_Z = ]2

X 0x? * Yoy2 ' Z0dz?

2
—=(k*+1)X (7)

d0x?
ZY 5
357" —k2Y  (8)
2z
ﬁ: —1“Z (9)

Solutions of equations (7), (8) and (9)
X(x) = AeVI+Px | po—Vict+1Px (10)
Y(y) =Csinky+ Dcosky (11)
Z(z) =Esinlz+ Fcoslz (12)

Here A,B,C,D,E,F are undetermined constants. Boundary conditions (v) implies A = 0, (i)
gives D = 0 and (iii) gives F = 0, where as (ii) and (iv)require thatk = nz/aand! = mx/b,
where n and m are positive integer. Combining the remaining constants, we are left with

nm mnz
V(x,y,2)=C e ™ +m/b)* x gipy (TJ/) sin (T) (13)

This solution meets all the boundary conditions except (vi). It contains two unspecified integers

(n and m). The most general linear combination is a double sum:

Vay,z) = i

n=1

Com T 5 sin (T2 ) in (T2 (14)

Ms

1

3
i

Equation (14) fits the remaining boundary condition: (vi): equation (2g),

Com sm )sin (%) =Vy(y,z) (15)

Ms

V(,y,z

n=1m=1

By approximate choice of the coefficients C, ,, .

To determine these constants, we multiply by sin(n'mwy/a) sin(m'nz/b). Where n’ and m' are

arbitrary positive integers, and integrate between 0 to a and 0 to b:
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a

o o b
Z Z Cm f sin (m;y) sin <n Zy> dy f sin (m;rz) sin (mbnz) dz
0 0
a b
_ (n'my\ . (m'nz
= ffVO(y, z) sin " sin 5 dy dz (16)
00

In the LHS of above equation:

a b
mry n'mwy _a mmzy  (m'nz b
fsm sm< E )dy—z, fsm( b )sm< b >dz—2 7
0

0

Therefore, LHS of equation (16) is: Cy/ ) (%) (2)

b
;  (n'my\ | (m'mnz
Com T ffVo(y,z)sm S sin ; dydz
00

- 4 n'my\ . [(m'nz dvd 18
"‘m_abff 0(¥,2) sin " sin 5 ydz (18)

Equation (14) with equation (18) is the solution.

For instant if the end of the tube is a conductor at constant potential V,,. Equation (18) becomes:

b
ZAA ; n'my _ m’nz
Com = _bf f sin b dy dz
00
a b
p AV, - (n'my 4 - [(m'nz 4
nm =" fsm " yfsm 5 z
0 0

0, if nor miseven
C,., =1{16V, 19
m { 20, if nand m are odd (19
T
In this case
16V, <« 1 __ nmyy | muz
= o mJ(m/a)2+(m/b)? x gin (L) cin (———
V(x,y,z) = — Z e sm( " )sm( b ) (20)

n,m=1,3,5...
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2.4.2 Spherical Coordinates:

For objects having ‘plane’ boundaries, cartesian coordinates are very appropriate. But for round

objects spherical coordinates are more natural or more useful.

Laplace’s equation in spherical coordinates is written as:

1 6(26V>+ 1 6( 96V> 1 0%V “0 (1
r2or r or r2sin0 00 sin 00 r2sin2 0 Q2 @

Let the problem has azimuthal symmetry. So that V is independent of @. Therefore, equation (1)

becomes:

16(26V>+ 1 6( 96V>_0 .
r2or\" ar) " rZsin6 06 sin 00 Q)
By using the method of separation of variables,

V(r,0) = R(r)e(6) (3)

Substituting value of equation (3) in equation (2), we have

1 6(26R9>+ 1 6( 6R@> 0
r2or 4 or r2sin6 08 a0

06(26R)+ R 6( 96@) 0
29 d or r2sin6 060 00

90(26R>+ R 0( 960) 0
or r or sin@ 00 sin a0)

Dividing above equation with IV = R0,

10 26R+ 1 d 960 —0 (4
Rar(r 6r> 051n906(sm 66) )

In equation (4), the first term depends only on r, and the second only on 6, it follows that each

term must be a constant.

1d/ . dR
EE(?‘ZE>:I(I+1) (5)

! d('9d0>— I(+1) (6
osmoas\S"0gg) = ~l+D (6
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Here [(l + 1) is a constant.

From equation (5), LHS: the radial equation is written as

d/ dR
E(r2$>:l(l+1)R @)

It has the general solution:

B
R(r)=Art+—— (8)

ES]
Here A and B are arbitrary constants.

From equation (5), RHS: the angular equation is written as:

d(' 9d0>— (1 +4)sin0 O (9
Jg\sinf—z )= ( ) sin 9

The solutions are Legendre’s polynomials in the variable cos 6:
0(8) = P;(cos @) (10)

P;(x) is defined by the Rodrigues formula:

l

1 d
P =5 (5) 6P - D' A

The first few Legendre polynomials are:

Py(x) =1
Pi(x)=x
P(x) = 3x%2 -1
2(X) = 2
5x3 — 3x
P3(x) = —5— L (12)
35x* —30x%+ 3
Py(x) = 3
63x> — 70x3 + 15x
Ps(x) = 3

Here P,(x) is an [*" order polynomial in x. It contains even powers, if [ is even; and odd powers,

if l is odd. The factor % in P;(x) was chosen in order that

P()=1 (13)
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The Rodrigues formula works only for nonnegative integer values of l. It provides us only one

solution. But equation (9) is second order and it should possess two independent solutions, for
every value of . It turns out that these “other solutions” blow upat & = 0and / or € = r, and
are therefore, unacceptable on physical ground. For instance, the second solution for [ = 0is

0(0) =In (tan%) (14)

In the case of azimuthal symmetry, the most general separable solution to Laplace’s equation,

consistent with minimal physical requirements, is

B
V(r,0) = (Arl + rl+1) P,(cos8) (15)

As, separation of variables yields in infinite set of solutions, one for each [. The general solution

is the linear combination of separable solutions:

[oe]

V(r,0) = Z (Alrl + %) P,(cos 8) (16)

=0

Example: 5 The potential V,(0) is specified on the surface of a hollow sphere, of raius R. Find

the potential inside the sphere.

Solution: In this case B; = 0 for all [, otherwise the potential would blow up at the origin. Thus
V(r,0)= Z Airt P (cos6) (1)
1=0
At r = R this must match the specified function V/;(6):
V(R,0) = zA,Rl P(cos6) = Vo(8) (2)
1=0
This equation can be satisfied for an appropriate choice of coefficients A;.The Legendre
polynomials constitute a complete set of functions, on the interval -1 < x<1(0 < 8 < 7n).
We determine the constants by Fourier’s trick. The Legendre polynomials are orthogonal

functions.

1 s
f P, (x)Py(x)dx = f P,(cos )Py (cos ) sin6dO (3)
-1 0
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0, if U'=#I
=] 2 4
i r=1 @

Thus, multiplying equation (2) by P;,(cos 8) sin 8 and integrating, we have

;2 r
'R} = ’ [
AR T T 1 fo Vo(0) Py (cos 8) sinfdo
or
2l+1 (™ )
A = f V5(8) Pi(cos B)sin6dB (5)
2R, ),

Equation (1) is the solution to our problem, with the coefficients given by equation (5).
For instance, suppose we are told that the potential on the sphere is
Vo(0) = K sin?(6/2)  (6)

Where k is constant. Using half angle formula, we write this as
k k
V(0) = 5(1 —cos @) = E{Po(cos 0) = P,(cos 6)} (7)

Putting this into equation(2), we read off immediately that A, = k/2, A; = —k/(2R) and all

other A;’s vanish. Evidently,

k rl k T
Vo(r, 0) = > (r°Py(cosB) — EPl(cos 9)] = 5(1 — g cos 9) (8)

Example: 6 The potential V/;(8) is again specified on the surface of a sphere of radius R, but this

time we are asked to find the potential outside, assuming there is no charge there.

Solution: In this case it’s the A4;’s that must be zero (or else V would not go to zero at =), so

o0
B,
Vo(r,0) = z rlTPl (cosB) (19)

1=0

At the surface of the sphere, we require that
o0

B,
V(R,6) = Z 77 Pi(cos 6) = Vy(6)

i=0
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Multiplying by P;(cos 0) sin 6 and integrating-exploiting, again, the orthogonality relation Eq.15

-we have

B, 2 T
= f Vo (8)P,(cos 8) sin6 do
0

RU+12I'+1

2+ 1

Vs
or B, = R”lf Vo (8)P,(cos 8)sinfdh (20)
0

This equation (19), with the coefficients given in equation (20), is the solution to our problem.

Example: 7 An uncharged metal sphere of radius R is placed in an otherwise uniform electric
field E = EyZ. [The field will push positive charge to the “northern” surface of the sphere, leaving
anegative charge on the ‘southern’ surface as in Figure: 20: This induced charge, in turn, distorts

the field in the neighborhood of the sphere] Find the potential in the region outside the sphere.

Solution:

Figure: 20

The sphere is an equipotential ---we may as well set it to zero. Then by symmetry the entire xy
plane s at potential zero. This time, however, VV does not go to zero at large z. In fact, far from

the sphere the field is E'="E;Z and hence
V->—-Eyz+C

Since V = 0 in the equipotential plane, the constant C must be zero. Accordingly, the boundary

conditions for this problem are
MV =0forr<R
(i) V » —Eyrcos@ forr >R

We must fit these boundary conditions with a function of the form:
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o0
B
V(r,0) = Z (Alrl + ﬁ) P,(cos 0)

=0

The first condition yields

l —
AR + oy = 0

Or
Bl — _AlR21+1
So

RZl+1

V(r,0) = Z A (r’ - W) Py(cos 0)
1=0

For r > R, the second term in parentheses is negligible, and therefore, condition (ii) requires

that
[ee]
Z A;7'P,(cos @) = =Eyrcos 6
1=0

Evidently, only one term is present: [ = 1. In fact, since P;(cos 8) = cos 8, we can read off

immediately A; = —E|, all other Ar’s zero.

Conclusion:

R3
V(r,0) =—E, (r — r_2> cos @

The first term —Ey7 cos 6 is due to the external field, the contribution attributable to the induced

charge is evidently

3
E,—cos 6
OT'Z

If you want to know the induced charge density, it can be calculated in the usual way

) = ov = ¢yF, 1+R3 0
0(0) = —€o - r=R_60 0 3 | cos

=R
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3. Electric Fields in Matter:

3.1 Dielectrics:

In dielectrics all charges are attached to specific atoms or molecules. They are on a tight leash
and they can do is move a bit within the atom or molecule. Such microscopic displacements are
not as dramatic as the wholesale rearrangement of charge in a conductor, but their cumulative
effects account for the characteristic behavior of dielectric materials. There are actually two
principal mechanisms by which electric fields can distort the charge distribution of a dielectric

atom or molecule. They are (i) stretching and (ii) rotating.
3.2 Induced Dipole:

When a neutral atom when it is placed in an electric field E, the atom as a whole is electrically
neutral, there is a positively charged core (the nucleus) and negatively charged electron cloud
surrounding it. These two regions of charge within the atom are influenced by the field: the
nucleus is pushed in the direction of the field, and the electrons the opposite way. In principle, if
the field is large enough, it can pull the atom apart completely “ionizing” it (the substance then
becomes a conductor). With less extreme fields; however; an equilibrium is soon established, for
if the center of the electron cloud does not coincide with the nucleus, these positive and negative

charges attract one another, and this holds the atoms together.

The two opposing forces - E pulling the electrons and nucleus apart, their mutual attraction
drawing them together-reach a balance, leaving the atom polarized, with plus charge shifted
slightly one way, and minus the other. The atom now has a tiny dipole moment p, which points

in the same direction as E. This induced dipole moment is approximately proportional to the E.
p=aE (1)

Where « is the proportionality constant and is called atomic polarizability. Its value depends
on the detailed structure of the particular atom. There is a list of some experimentally

determined atomic polarizability.

Atomic polarizability (a/4me,, in units of 1073 m3)

H He Li Be C Ne Na Ar K Cs

0.667 | 0.205 |24.3 5.60 1.76 0.396 | 24.1 1.64 43.4 59.6
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For molecules the situation is not quite so simple, because frequently they polarize more readily

in some directions than others. Carbon dioxide as shown in Figure: 21. For instance, has a
polarizability of 4.5x 10-40 C2. m /N when you apply the field along the axis of the molecule, but
only 2 x 10-40 for field perpendicular to this direction. When the field is at some angle to the axis,
you must resolve it into parallel and perpendicular components, and multiply each by the

pertinent polarizability:

p=a,E, +qE (2)

Figure: 21

In this case the induced dipole moment may not even be in the same direction as E. And COz2 is
relatively simple, as molecules go, since the atoms at least arrange themselves in a straight line;
for a completely asymmetrical molecule the equation (1) is replaced by the most general linear

relation between E and p:

Dx = QxxEx + axyEy +ay,,E,
Py = QyxEx + ay E, + @), E, 3
Pz =z Ex + azyEy +a,,E,

The set of nine constants @;; Constitute the polarizability tensor for the molecule. Their actual
values depend on the orientation of the axes you chose, though it is always possible to choose
“principal” axes such that all the off-diagonal terms (ay,, a,, etc.) vanish, leaving just three

nonzero polarizabilities: @y, a,, and .

Example: 8 A primitive model for an atom consists on a point nucleus (4+q) surrounded by a
uniformly charged spherical cloud (—q) of radius a as shown in Figure: 22. Calculate the atomic
polarizability of such atom.

Solution: In the presence of an external field E, the nucleus will be shifted slightly to the right
and electron cloud to the left see Figure: 23. (Because the actual displacements involved are
extremely small, so it is reasonable to assume that the electron cloud retains its spherical shape.)
Consider that the equilibrium occurs when the nucleus is displaced a distance d from the center
of the sphere. At that point the external field pushing the nucleus to the right exactly balances
the internal field pulling in to the left: E = E,, where E, is the field produced by the electron

cloud. Now the field at a distance d from the center of a uniformly charged sphere is
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E
Figure: 22 Figure: 23
1 qd
¢ 4me, ad
At equilibrium, then,
1 qd 3
E = 47180;' or p=qd= (4negya>)E

The atomic polarizability is therefore,
a = 4meyad =3€,v
where v is the volume of the atom. Although this atomic. model is extremely crude, the result

equation (52) is not too bad-it’s accurate to within a factor of four or so formany simple atoms.

3.3 Alignment of Polar molecules:

The neutral atom we discussed that had no dipole moment to start with - p was induced by the
applied field. Some molecules have built-in, permanent dipole moments. In water molecule, for
example, the electrons tend to cluster around the oxygen atom as shown in Figure: 24, and since
the molecule is bent at 1059, this leaves a negative charge at the vertex and a net positive charge
at the opposite end.(The dipole moment of water is unusually large: 6.1 x 10-30C.m; in fact, this
is, what accounts for its effectiveness as a solvent.) What happens when such molecules (called

polar molecules) are placed in an electric field?

If the field is uniform, the force on the positive end, F, = qE, exactly cancels the force on the

negative end, F_ = —qF as shown in Figure: 25.

Figure: 24 Figure: 25
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However, there will be a torque:

N= (ryxF)+@_xF.) (1

=[(3) @] +[(-3) x )

qd qd
N=7XE+7XE=QdXE (2)

Thus, a dipole p = gd in a uniform field E experiences a torque
N=pXxE (3)

Note that N is in such a direction as to line p up parallel to E, a polar molecule that is free to

rotate will swing around until it points in the direction of the applied field.

If the field is nonuniform, so that F, does not exactly balance F_, there will be a net force on the
dipole, in addition to the torque. Of course, E must change rather abruptly for there to be
significant variation in the space of one molecule, so this is not ordinarily a major consideration
in discussing the behavior of dielectrics. Nevertheless, the formula for the force on a dipole in a

nonuniform field is of some interest.
F=F +F_=q(E,+E.)
F =q(4E) (4)

Where AE represents the difference between the field at the plus end and the field at the minus

end. Assuming the dipole is very short,

we know that
dT = (—l+—] +—ZA) - (dxi + dyj + dzk)

dT = (VT)-(dl) (5)
To approximate the small change in E,:
AE, = (VE,)-d (6)
With corresponding formulas for E,, and E,. More compactly,

AE = (d-V)E (7)
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And therefore,
F=(p-V)E (8)

For a “perfect” dipole of infinitesimal length, the equation 54 gives the torque about the center

of the dipole even in a nonuniform field; about any other point N = (p X E) + (r X F).
3.4 Polarization:

When a piece of dielectric material is placed in an electric field, if the substance consists of
neutral atoms (or nonpolar molecules), the field will induce in each a tiny dipole moment,
pointing in the same direction as the field. If the material is made up of polar molecules, each
permanent dipole will experience a torque, tending to line it up along the field direction.
(Random thermal motion compete with this process, so the alignment is never complete,

especially at higher temperatures, and disappears almost at once when the field is removed,)

Notice that these two mechanisms produce the same basic result: a lot of little dipoles pointing
along the direction of the field -the material. become polarized, A convenient measure of this

effectis:
P = dipole moment per unit volume

Which is called the polarization. In polar molecules there will be some polarization by
displacement (though generally itis a lot easier to rotate a molecule than to stretch it, so second
mechanism dominates.) it's even possible in some materials to “freeze in” polarization, so that it
persists after the field is removed. But let's forget or a moment about the cause of the
polarization and study the field that a chunk of polarized material itself produces: the original

field, which was responsible for P, plus the new field, which is due to P.

4 The Field of a polarized object:
4.1 Bound Charges:

Consider a piece of polarized material, an object containing a lot of microscopic dipoles lined up.

The dipole moment per unit volume P is given.

To find out field produced by this object (not the field that may have caused the polarization, but
the field the polarization itself causes), we assume that the material is made up of infinitesimal
dipoles and integrate to get the total field. It is easier to work with the potential. We know that

for a single charge g, the potential is given by
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q

V(r)= - (1
) =7 - ey
for a single dipole p, the potential is given by
Tp
V() = 2
() =~ e 12 (2)

Where 1 is the vector from the dipole to the point at which we are evaluating the potential as

shown in the Figure: 26. Herep = qror #-p =qrorq = %

Figure: 26

As polarization is the dipole moment per unitvelume: P = p/d7,adipole momentis p = Pd?

in each volume element dt’, so the total potential is

V(r) =

1 fv PPa -

2
4meg T

We know that:

R

r r

The differentiation is with respect to the source coordinates ("), Now equation (3) can be

written as:

V() = — f TP@) e (s
14

41e, r2

~

_ 1 ! r d !
V) = 4, V”(”'(rz) ’
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! fP V’(1>d’ 6
dme, ), T v (6

~ V() =

We have product rule for divergence as

V-(FA) =f(V-A)+A-(Vf) (7

By rearranging equation (7), we have

A-(Vf)=V-(fA)-f(V-4) (8

For present case, we have A = P, f = 1/r, therefore, equation (8) becomes

RICRTCELE

Therefore, equation (6) now becomes

V) = 47:.50 [ fv v’-(§> dr' — fv %(V’-P)dr’} ©)

Now using divergence theorem, we convert the first integral of equation (9): from volume

integral to surface integral:

f(V-v)dr:jgv-da (10)

LV’-(?)dr’zﬂi%P-da’ (11)

Therefore, equation (9) becomes

V(r) =

1 1 1
jﬁ ZpP-da — f ~(v'-P)dr (12)
S vT

4dmey Jo1 4me,
The first term looks like the potential of a surface charge and

o, =P (13)

Where 7 is the normal unit vector and g, is the surface charge density. while the second term

looks like the potential of a volume charge and
pp=-V-P (14)

where p;, is the volume charge density.
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With these definitions, equation (12) becomes

1 Op ,
—da +
dmey Jo T 4me,

V(r) = fv %dr’ (15)

Equation (15) shows that the potential (and hence the field also) of a polarized object is the same
as that produced by a volume charge density p, = —V - P plus surface charge density g, = P - n
Instead of integrating the contributions of all the infinitesimal dipoles, as in equation (3), we just
find those bound charges, and then calculate the fields they produce, in the same way we

calculate the field of any other volume and surface charges (for example, using Gauss’s law.)
Example: 9 Find the electric field produced by a uniformly polarized sphere of radius R.

Solution: We may choose the z axis to coincide with the direction of polarization as shown in

the Figure: given below. The volume bound charge density py, is zero, since P is uniform, but

op=P-nn=Pcosf (1)

Figure: 27

Where 6 is the usual spherical coordinate. We want to find out the field produced by a charge
density P cos 6 plastered over the surface of a sphere. But we have already computed the

potential of such a configuration

—rcosf, forr<R,
| 3eo
V(T! 9) - P R3 (2)

3——26059, forr =R.
€T

Since r cos 8 = z the field inside the sphere is uniform.

1
——P, forr <R (3)

E=-VV= s
h h 3602 RI
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This remarkable result will be very useful. Outside the sphere the potential is identical to that of

a perfect dipole at the origin.

1 p-7

e, 12

forr=R (4)
Whose dipole moment is, not surprisingly, equal to the total dipole moment of the sphere.
4
P = §T[R3P (5)

The field of the uniformly polarized sphere is as shown in the Figure: (28) given below.

Figure: 28
4.2 Physical interpretation of Bound Charges:

We found that the field of a polarized object is identical to the field that would be produced by a
certain distribution of “bound charges” a;, and p,,. But this conclusion emerged in the course of

abstract manipulations on the integral as in this equation

: fvﬁ D g (1)

r2
and left us with no clue as to the physical meaning of these bound charges. Some authors show
that the bound charges are in some sense ‘fictitious’ —used to facilitate the calculation of fields.
o, and p, represents perfectly genuine accumulations of charge. In this we will see that how

polarization leads to such accumulations of charges.

Suppose we have a long string of dipoles, as shown in the Figure: 29. Along the line, the head of
one effectively cancels the tail of its neighbor, but at the ends there are two charges left over:
plus at the right end and minus at the left. It is as if we had peeled off an electron at one end and

carried it all the way down to the other end, though in fact no single electron made the whole
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trip —a lot of tiny displacements add up to one large one. The net charge at the ends bound charge,
it cannot be removed; in a dielectric every electron is attached to a specific atom or molecule.

But apart from that, bound charge is no different from any other kind.

=00

S S=r i thgr i T

+4

Figure: 29

To calculate the actual amount of bound charge resulting from a given polarization, examine a
“tube” of dielectric parallel to P. The dipole of the tiny chunk shown in Figure: 30 is P(Ad), where
A is the cross-sectional area of the tube and d is the length of the chunk. In terms of the charge
(q) at the end, the same dipole moment can be written asqd. The bound charge that piles up at

the right end of the tube is therefore,
g=PA (1)

If the ends have been sliced off perpendicularly, the surface charge density is

op=>=P (2)

|

For an oblique cut as shown'in Figure: 31, the charge is still the same, but A = A,,,4 cos 8. So

Op = 1 =Pcos@=P-n (3)
Aend

Figure: 30 Figure: 31

The effect of the polarization then, is to paint a bound charge g, = P - i over the surface of the

material.

If the polarization is nonuniform we get accumulations of bound charge within the material as
well as on the surface. Consider Figure: 32 it suggests that a diverging P results in a pileup of

negative charge. Indeed, the net bound charge [ p,dz in a given volume is equal and opposite
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to the amount that has been pushed out through the surface. The latter (by the same reasoning

we used before) is P - 71 per unit area.

fpbdr=—j£P-da=—f(V-P)dr (4)
v s v

Figure: 32

Since this is true for any volume, we have
pp==V-P (5)
Confirming, again, the more rigorous conclusion in the topic bound charge.

Example: 10 There is another way of analyzing the uniformly polarized sphere, (the previous
example), which nicely illustrates the idea of a bound charge. Consider two spheres of charge; a
positive sphere and a negative sphere. Without polarization the two are superimposed and
cancel completely. But when the material is uniformly polarized, all the plus charges move
slightly up ward (the z direction) and all minus charges move slightly downward. See Figure: 33.
Two spheres no longer overlap perfectly: at the top there is a “cap” of leftover positive charge

and at the bottom a “cap” of negative charge.

Figure: 33

This “leftover” charge is precisely the bound surface charge g;,.
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The field in the region of overlap between two uniformly charged sphere is given as

Fo-—— 9

4me, R3

Where q is the total charge of the positive sphere, d is the vector from the negative center to the
positive center, and R is the radius of the sphere. We can express this in terms of the polarization

of the sphere, as polarization is the dipole moment per unit volume,

p=qd= (gnR3>P (2)

as
E— 1 qd 1 (4 R3)P— 1 p
T T 4ne,R® T 4me,\3 " ~ 7 3¢,
E=——1p (3
= T3, (3)

Meanwhile the points outside, it is as though all the charges on each sphere were concentrated
at the respective center. We have, then, a dipole, with potential
pt

1
V(r) = Ine, 12 4)

Remember that d is some small fraction of an atomic radius.
4.3 The field inside a Dielectric:
Consider a pure dipole, the potential of a pure dipole is given as

vy =P T g
(T)—4n60 3 €Y

We presumed to represent discrete molecular dipoles by a continuous density function P.
Outside the dielectric, we are far away from the molecules (r is many times greater than the
separation distances between plus and minus charges), so the dipole potential dominates
overwhelmingly and the detailed “graininess” of the source is blurred by distance. Inside the

dielectric, however, we can hardly pretend to be far from all the dipoles.

The electric field inside matter must be complicated on the microscopic level. If you happen to

be near an electron, the field is gigantic, whereas a short distance away it may be small or point
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in a totally different direction. Moreover, an instant later, as the atoms move about, the field will

have altered entirely. This true microscopic field would be utterly impossible to calculate. Just
as, for macroscopic purposes, we regard water as continuous fluid, ignoring its molecular
structure, so also we can ignore the microscopic bumps and wrinkles in the electric field inside

matter, and concentrate on the macroscopic field.

This is defined as the average field over regions large enough to contain many thousands of
atoms (so that the uninteresting microscopic fluctuations are smoothed over), and yet small
enough to ensure that we do not wash out any significant large-scale variations in the field. (In
practice, this means we must average over regions much smaller than the dimensions of the

object itself.) ordinarily, the macroscopic field is the field inside matter.

Suppose we want to calculate the macroscopic field at some pointr within a dielectric as shown

in Figure: 34.

We know we must average the true (microscopic) field over an appropriate volume, so let us
draw a small sphere about r, of radius, say, a thousand times the size of a molecule. The
macroscopic field at r, then, consists of two parts: the average field over the sphere due to all

charges outside, plus the average due to all charges inside.

E=E,;+Epn (1)

Figure: 34

Now we also know that the average field (over a sphere), produced by charge outside, is equal
to the field they produce at the center, so E,,; is the field at  due to the dipoles exterior to the

sphere. These are far enough away that we can safely use the equation,

v 1 f ?-P(r’)d, @)
= ———drt
out 47T60 outside r?
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The dipole inside the sphere are too close to treat in this fashion. But fortunately, all we need is

their average field, and can be given as

1 p
4mey R3

Eyp=— 3)

As the average field inside a sphere of radius R, due to all the charges within the sphere is

1 p
4mey R3

(4)

Eqpe =

regardless of the details of the charge distribution within the sphere. The only relevant quantity

is the total dipole moment,

p = (§HR3)P )

1
Ein__3_60P (6)

Now, by assumption the sphere is small enough that P does not vary significantly over its volume,

so the term left out of integral in equation (02) corresponds to the field at the center of a

uniformly polarized sphere: — iP. But this is precisely what E;;, in equation (6) puts back in.
0

The macroscopic field, then, is given by the potential

V(r) =

1 f?' PG -

41e, r?
Where the integral runs over the entire volume of the dielectric. This is, of course, what we used
(bound charges) earlier; without realizing it, we were correctly calculating the averaged,

macroscopic field, for points inside the dielectric.

Notice that it all revolves around the curious fact that the average field over any sphere (due to
charge inside) is the same as the field at the center of a uniformly polarized sphere with the same
total dipole moment. This means that no matter how crazy the actual microscopic charge
configuration, we can replace it by a nice smooth distribution of perfect dipoles, if all we want is

the macroscopic (average) field.

The macroscopic field is certainly independent of the geometry of the average region.
Presumably, one could reproduce the same argument for a cube or an ellipsoid or whatever---

the calculation might be more difficult, but the conclusion would be the same.
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5 The Electric displacement:

5.1 Gauss’s law in the presence of Dielectrics:

We understand that the effect of polarization is to produce the accumulations of bound charges,
pp = —V - P within the dielectric and g;, = P - 71 on the surface. The field due to polarization of

the medium is just the field of this bound charge.

Now consider the field attributable to the bound charge plus the field due to everything else (i.e.,
free charge). The free charge might consist of electrons on a conductor or ions embedded in the
dielectric material or whatever; any charge, in the other words, “free charge” is not a result of

polarization.
Within the dielectric, the total charge density can be given as:
p=ppt+pr (1)
And Gauss'slaw V - E = p /e,
€V E=p=p,+ps==V-P+ps (2)
Where E is now the total field, due to polarization and due to free charge.
By combine the two divergence terms of equation (2):
€V-E+V-P=p;
V- (E+P)=p; (3)
The expression is parentheses is known as electric displacement (D).
D=¢€E+P (4
In terms of D, the Gauss’s law: equation (3) becomes
V-D=p; (5

To derive an integral form, take volume integral of equation (5)

fV-DdT=fpde (6)
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Aspy = %,f V-Ddr = ¢ D-da,equation (6) becomes

§D-da=Qpene ()

Where Qf.n. denotes the total free charge enclosed in the volume. This is a particularly useful
way to express Gauss’s law, in the contests of dielectrics, because it makes reference only to free
charges, and free charge is the stuff we control. Bound charge comes along for the ride: when we
put free charge in place, a certain polarization be there and this polarization produces the bound
charge. Initially we know ps, but we do not know p,. In particular, whenever the requisite

symmetry is present, we can immediately calculate D by the standard Gauss’s law methods.

Here we left out the surface bound charge g;, in deriving equation.V - D = ps, because we cannot
apply Gauss’s law precisely at the surface of a dielectric, for here p, blows up, taking the
divergence of E with it. But if we consider that the edge of the dielectric having some finite
thickness within which the polarization tapers off to zero then there is no surface bound charge;

pp varies rapidly but smoothly within this “skin”. And Gauss’s can be safely applied everywhere.

Example: 11 A long straight wire, carrying uniform line charge 4, is surrounded by rubber

insulation out to a radius a, as shown in the Figure: 35. Find the electric displacement D.

Solution: Draw a cylindrical Gaussian surface, of radius s and length L as shown in the Figure:

and apply the equation

§D-da=Qeme )

Figure: 35
Surface area of this cylinder is 2msL, line charge density is 4, therefore Qe = AL.
D(2msL) = AL (2)

Therefore,
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D—AA 3
=555 3)

This formula holds both within the insulation and outside it. In the latter region, P = 0, so

1 A
E=—D= s 4
. 2meqs 5, fors>a (4)

Inside the rubber the electric field cannot be determined, since we do not know P.

5.2
(0

(i)

(iii)

(iv)

v)
(vi)

Deceptive Parallel:

The equation V- D = py, looks just like Gauss’s law: V - E = p /e, yonly the total charge
density p is replaced by the free charge density p; , and D is substituted for €,E". For this
reason, if we say that: D is “justlike” E (apart fromthe factor €;), except that its source of
py instead of p or “To solve problems involving dielectrics, we just forget all about the

bound charges-calculate the field, only call the answer D instead of E”. This reasoning is
seductive, but the conclusion is false.

In particular, there is no “Coulomb’s law” for D.

D()ilf? @
"7 g ) v P00

The parallel between E and D is more subtle than that.

To determine a vector field, the divergence alone is insufficient; we need to know the curl
as well. One tends to forget this in the case of electrostatic fields because curl of E:

(V X E) is always zero. But the curl of D: (V X D) is not always zero.
VXD=¢,(VXE)+(VXP)=VXP

And there is no reason, in general, to suppose that the curl of P vanishes. Sometime it

does, but more often it does not.

Suppose, there is no free charge anywhere, so we believe that the only source of D is py,
and as pf = 0 :: D = 0 everywhere, and hence that E = (—1/¢,)P inside and E = 0
outside the electret, which is obviously wrong. Because V x D # 0.

moreover, D cannot be expressed as the gradient of scalar -there is no “potential” for D.
When we have to compute the electric displacement, first look for symmetry. If problem
exhibits spherical, cylindrical or plane symmetry, then we can get D directly using the

equation ¢ D - da = Qfen by the usual Gauss’s law methods. (Evidently in such cases
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V X P is automatically zero.) If the requisite symmetry is absent, we have to think of

another approach and, in particular, we must not assume that D is determined

exclusively by the free charges.

5.3 Boundary Conditions:
The electrostatic boundary conditions can be written in terms of D.

$D-da= Qfenc tells the discontinuity in the component perpendicular to an interface;

Dzpove = Dietow = o (1)
While equation:
VXD=€,(VXE)+(VxP)=VXxP: (2)
gives the discontinuity in parallel components:

— pl

- D" above ~ P|l|>elow (3)

below

D!

above

In the presence of dielectrics these are sometimes more useful than the corresponding boundary

conditions on E:

1
Egl-bove - Ei;elo = E_Oa (4)

and

E!

above

—E)oiow =0 (5)
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